We demonstrate within the quantum field theoretical framework that an asymptotic particle falling into the black hole implants soft graviton hair on the horizon, conforming with the classical proposal of Hawking, Perry and Strominger. A key ingredient to this result is the construction of gravitational Wilson line dressings of an infalling scalar field, carrying a definite horizon supertranslation charge. It is shown that a typical Schwarzschild state is degenerate, and can be labeled by different soft supertranslation hairs parametrized for radial trajectories by the mass and energy of the infalling particle and its asymptotic point of contact with the horizon. The supertranslation zero modes are also obtained in terms of zero-frequency graviton operators, and are shown to be the expected canonical partners of the linearized horizon charge that enlarge the horizon Hilbert space.
Introduction
In the seminal work of Bondi, van der Burg, Metnzer and Sachs [1, 2] , it was shown that a set of diffeomorphisms that do not vanish at infinity, namely the BMS transformations, can act non-trivially on the boundary of asymptotically flat spacetimes. More recently, Strominger and collaborators [3, 4] have identified the diagonal subgroup of such diffeomorphisms at past and future infinities as an infinite-dimensional symmetry group of the S-matrix of perturbative quantum gravity, and showed that its associated Ward identities reproduce Weinberg's soft graviton theorem [5] . This idea was soon applied to QED [6, 7] , and has led to an extensive analysis of asymptotic symmetries of gauge theories and soft theorems .
One main consequence of this development is that the usual Fock vacuum in a gauge or gravity theory is degenerate, and any non-trivial scattering process induces a transition between the degenerate vacua. What followed was the observation that asymptotic symmetries are related to infrared divergences. In the presence of massless particles, the quantum S-matrix is ill-defined since all of its matrix elements vanish due to infrared divergences. It has been shown in [37] that infrared divergence is a consequence of not properly accounting for the vacuum degeneracy. Indeed, it has been hinted in [28, 38] and shown in [29, 37] that by diagonalizing the conserved charges of the asymptotic symmetry, one may re-derive the coherent dressed states of Faddeev and Kulish [39, 40] , which cure the S-matrix elements of infrared divergences [28, 40, 41] . Once we diagonalize the conserved charge, the dressing operators can be used to translate one vacuum to another, where each vacuum is now labeled with its soft charges.
Building on the fact that the vacuum of asymptotically flat spacetimes is degenerate, Hawking, Perry and Strominger [42, 43] proposed that a Schwarzschild black hole can carry an infinite number of soft hair, generated by BMS transformations that act nontrivially on the horizon. A direct consequence of this is that there exists a large degeneracy of Schwarzschild black holes that have the same mass but different soft charge on the horizon. Drawing from the experience at null infinities, one deduces that a dressed particle that falls into the black hole will induce a BMS transformation on the horizon, thereby forming a soft hair. The conserved BMS charges then has the possibility to constrain the Hawking radiation in a non-trivial manner, and thus it was proposed by the authors of [42, 43] that such soft hairs could have some bearing on Hawking's black hole evaporation and information paradox [44, 45] . Along with some of the earlier work (for example [46] ), this led to numerous investigations on the effects of non-trivial diffeomorphisms acting on black hole horizons .
Since Faddeev-Kulish (FK) dressings can be used to translate between degenerate vacua of Minkowski spacetime, it is reasonable to expect that such dressings on the black hole horizon will implement the soft hair of Hawking, Perry and Strominger. To construct the Faddeev-Kulish dressings on the horizon, a useful ingredient is Mandelstam's gaugeinvariant formulation of QED and gravity [72, 73] . In this formulation, each matter field is dressed with a Wilson line, such that the dressed field as a whole is gauge-invariant. It was shown by Jakob and Stefanis [74] for QED that once this Wilson line is taken to be along the geodesic of a free particle at the asymptotic infinity, the Wilson line reproduces Faddeev-Kulish dressings. This idea was recently adopted in [75] for QED in a Rindler wedge, to show that a Wilson line along the geodesic of a massive particle near the future Rindler horizon implements soft photon hair at the point where the geodesic meets the horizon. This was interpreted as soft photon hair of Schwarzschild black hole in the nearhorizon limit.
In this paper, we use these ideas to demonstrate that asymptotic particles falling into the black hole leave behind a soft graviton hair on the horizon, by constructing gravitational dressings on the black hole horizon in the context of perturbative quantum gravity in a Schwarzschild background. This extends the result of [75] to gravity, with the crucial difference that we work directly in a Schwarzschild background instead of a Rindler wedge. To this end, we quantize the metric perturbation as in [76, 77] , which we review in section B. We observe that the work of Jakob and Stefanis [74] extends to gravity in flat background without difficulty, and adopt Mandelstam's point of view [73] to construct Faddeev-Kulish dressings as gravitational Wilson lines along the geodesic of a massive, radially infalling scalar matter field. The gravitational Wilson line in curved background is taken to be a straightforward generalization of that in flat background, see [40] for instance. It is shown that the dressing thus constructed carries a definite soft supertranslation charge parametrized by the mass and energy of the matter particle being dressed, in accordance with the case of flat spacetime. More explicitly, it will be seen that the dressing operator for a radially infalling particle of mass m and energy E acting on a black hole state with no hair, creates a black hole with soft hair. This state is characterized by the energy E and mass m through the ratio m 2 /E and by the spherical angles on the future boundary of the future horizon. This should be contrasted with the case of soft hair on the asymptotic infinities I ± , where the corresponding state is labeled by a charge parametrized only by the momentum of the asymptotic particle (see section 2.2).
Our result provides an explicit construction of the soft graviton hair and horizon zero modes of Hawking, Perry and Strominger [42, 43] from the point of view of quantum field theory. Another outcome of the Wilson line approach of this paper is that it illustrates a connection between the asymptotic symmetries and supertranslation charges to the recent discussion of generalized global symmetries [78] . This is outlined in the discussion section. Moreover, the structure of zero modes and Wilson line dressings suggests subtle connection with analogs of the scalar memory of Satishchandran and Wald [79] at null infinities of asymptotically flat spacetimes. We leave further investigation in this direction for future work.
The paper is organized as follows. In section 2, we first show how gravitational Faddeev-Kulish dressings in flat spacetime can be understood as Wilson lines as in [77] . We will use this method in section 3 to construct the dressings on the Schwarzschild black hole horizon. In section 4 we demonstrate that the dressings carry a definite soft supertranslation charge. In this process, we observe that the supertranslation zero modes of [43] are naturally derived in terms of zero-energy graviton operators. In section 5, we show that the dressings can be used to implement soft hair on the black hole horizon. A discussion of our results is given in section 6. Appendix A comprises our notation and conventions (of the Newman-Penrose formalism, among others). In appendix B we review the quantization of metric perturbation of [76, 77] . Since we make use of spin-weighted spherical harmonics extensively, a short review of their properties is given in appendix C. Appendix D contains the Christoffel symbols of the Schwarzschild metric in Eddington-Finkelstein coordinates, and also derives some useful properties of spin-2 spherical harmonics that will be used in the main text. In appendix E, we derive the supertranslation charge on the past Schwarzschild horizon using similar methods as in [43] . Some technical details are delegated to appendices F and G.
Review of gravitational dressings at infinity in flat spacetime
In this section, we review the gravitational FK dressings in flat spacetime [40] and its Wilson line representation [73, 74] . We also review how the dressings carry a definite supertranslation charge [28, 29] . These results will be central to our construction of dressings on the Schwarzschild horizon.
Dressing as a Wilson line
Mandelstam [73] formulated a method for quantizing gravity using path-dependent but coordinate-independent variables. This involves quantizing of the curvature tensor field directly in a path-dependent way instead of the standard quantization of the metric tensor field (gauge field). Consider the interaction between a scalar field and gravitational field. Let us consider a small perturbation with respect to the flat spacetime,
where η µν = diag(−1, 1, 1, 1) is the flat metric and κ 2 = 32πG with Newton's constant G.
The prescription of writing a path-dependent variable A(x, P ) in terms of a coordinatedependent variable a(x) is given in [73] , which reads
to first order in κ. Here J µν (z) is the angular momentum operator about z in the µνplane. Let us consider the case where the variables are scalar fields of mass m, and write A(x, P ) = Φ(x, P ) and a(x) = φ(x). Since our focus is on supertranslation charges, and the angular momentum term is sub-leading, we arrive at the following expression for the leading order:
where the operator W 1 (x, P ) is defined as
This can be interpreted as an operator that dresses the scalar field. When the scalar field is quantized, we have the standard expansion
where E 2 p = p 2 + m 2 and the creation/annihilation operators a, a † satisfy the commutation relation
(2.8)
The expansion of φ(x) shows that dressing each scalar field with the operator W 1 (x, P ) is essentially equivalent to dressing each operator a(p) with W 1 (p; x, P ) defined as
where p µ = (E p , p), and each operator a † (p) with W † 1 (p; x, P ). Notice that this is the first-order approximation of the Wilson line W(p; x, P ), defined as
with path-ordering P. Taking the path P to be a trajectory of a free particle with velocity v = p/m allows us to parametrize z = x + vτ and write
Notice the similarity between this Wilson line operator defined in gravity with that defined in QED [74, 75] . Next we consider the metric perturbations. The Einstein's equations G µν = κ 2 2 T µν in terms of the perturbation reads [80] 
The operator O µνρσ is not invertible, so we must fix the gauge using the harmonic gauge condition
after which we obtain the retarded Green's function [80] G ret µνρσ (x) =
where
Here the "identity" tensor 1 µναβ is defined as
Using the retarded Green's function, we may express metric perturbations in terms of free fields as
where h in µν is the free field satisfying O µνρσ h ρσ = 0, and T µν is the energy-momentum tensor of the scalar field which is given by (see eq. (4.2) in [40] )
where ρ(p) is the (unintegrated) number operator a † (p)a(p). It follows that the Wilson line W (p; x) can be written in terms of free field and the energy-momentum tensor as
Next let us recall the Wick's ordering theorem, given by
22)
where θ is the step function. Using this, we can express the Wilson line operator as [74] W (p;
We will not concern ourselves with the phases, and focus on the first factor,
Using the standard mode expansion of the asymptotic in-field,
where ω ≡ |k|, we obtain
where we used p = mv and the boundary condition
Recall that x is the position of the scalar field which is dressed by the Wilson line. The dressing of a scalar field at the past time-like infinity can be obtained by taking the limit x 0 → −∞. Due to the factors e ±ik·x , by the Riemann-Lebesgue lemma only the leading soft particles contribute to the integral. Following [39] , we implement this using an infrared function φ(ω) that has support in a small neighborhood of ω = 0 and φ(0) = 1,
which is, up to a unitary transformation, identified with the Faddeev-Kulish dressing of gravity [40] . The dressings may be interpreted as Wilson line punctures [75, 81, 82] on the spacetime boundary.
Wilson line punctures and boundary charges
In this subsection, let us review how the dressing (2.31) carries BMS supertranslation charge [28, 29] . We will work with the asymptotically flat metric, and use the Bondi coordinates (v, r, z,z) [4] ,
where γ zz = 2/(1 + zz) 2 is the 2-sphere metric, m B is the Bondi mass aspect, and V z = 1 2 D z C zz with D z the covariant derivative on the 2-sphere. The first line corresponds to the flat metric. We start by using (2.1) to write the radiative data C zz as (see for example [4] )
(2.34)
Taking the limit v → −∞, we obtain
where we have again used the Riemann-Lebesgue lemma and the infrared function φ(ω). Now rewrite the dressing (2.31) as,
, (2.39) wherek µ = (1,k) = (1, −x) and we have used
In this form (2.39), we can see that the dressing may be written in terms of C zz (z,z) as
This form will be convenient in computing the dressing's supertranslation charge.
Next we consider the soft BMS supertranslation charge Q I − f , which is given as [4] Q
where f (z,z) is the 2-sphere function that parametrizes the transformation. Let us define the operator
where we have used the mode expansion (2.34) and the integral representation
Then, we may write Q I − f as
Using (2.36), one can see by direct calculation that the following commutation relation is satisfied: . The line extends from the spacetime point z = (t 0 , r 0 , Ω 0 ) at which the field being dressed is located. For the dressing of an asymptotic massive particle falling into the black hole, we take the Wilson line to be along the particle's geodesic and take the limit r 0 → 2M . We will refer to this as the Wilson line puncture.
where in the last line we used the convention
This commutation relation shows that the operator 1 2 M zz is the canonical conjugate variable of the radiative mode C zz . It follows from (2.45) that
which is the correct commutator between the soft supertranslation charge and the radiative mode C zz [4] in the past infinity. From (2.40) and (2.50), we obtain the commutator
where Q f (p) is given in terms of the 2-sphere function f and the momentum p,
The commutator (2.51) shows that the FK dressing W (p) carries a definite supertranslation charge Q f (p).
Gravitational dressing on the Schwarzschild horizon
In this section, we will apply the methods we reviewed in section 2 to construct the dressing of an asymptotic massive scalar field that falls into the Schwarzschild black hole. Following For each mode Λ, s R Λ lω e −iωt is the incoming partial wave, A Λ 2 is the reflection coefficient and B Λ 2 is the transmission coefficient.
Mandelstam's approach [73] , we assume that the scalar field is made coordinate-invariant by a gravitational Wilson line dressing, which now follows a time-like trajectory into the black hole. After quantizing the graviton, we observe that the dressing comprises only zero-frequency graviton excitations. It will then be shown in section 5 that the dressing we construct carries a definite horizon supertranslation charge of Hawking, Perry and Strominger [42, 43] . To this end, let us first consider the dressing of a particle of mass m at a spacetime point z = (t 0 , r 0 , θ 0 , φ 0 ). Drawing analogy from section 2, we write its dressing as the gravitational Wilson line,
along a radial geodesic Γ of a massive particle of mass m, extending from z to the future horizon H + , see figure 1 . As usual, we employ the boundary condition [39, 75] that the contribution to W comes from only the upper bound, z, of the integral. To obtain the dressing of an asymptotic particle on H + , we evaluate the integral under the limit r 0 → 2M . In this case, the entirety of the geodesic Γ lies in the vicinity of H + . Since this Wilson line acts like a puncture on the future boundary H + + of the horizon, we will refer to this as the Wilson line puncture, following [75, 81] .
We now employ the graviton quantization of Candelas et. al. [76] (see appendix B for details), where the graviton field h µν (x) has the mode expansion
The mode functions h Λ µν (l, m, ω, P ; x) and their complex conjugates form a complete orthonormal set with l ≥ 2, |m| ≤ l, P = ±1, and Λ ∈ {in, up}. Here P = +1 (−1) is referred to as the electric (magnetic) parity. Modes with Λ = in (up) are referred to as the in-modes (up-modes); it denotes the boundary conditions satisfied by the modes (see Fig.  2 ). Throughout our paper, it will be tacitly assumed that the sum over l, m and P span l ≥ 2, |m| ≤ l and P = ±1:
unless explicitly stated otherwise. The graviton is quantized by promoting a Λ lmP (ω) and a Λ † lmP (ω) to operators satisfying the canonical commutation relation (B.24). Coming back to the dressing (3.1), let us first consider the contribution to W coming from the up-modes. 1 First, we separate the graviton field (3.2) into two parts,
Then, we may write (3.1) as
Let E be the total energy of the particle at infinity. This fixes the geodesic Γ, along which we have
To simplify the calculations, we move to the ingoing Eddington-Finkelstein coordinates (v, r, θ, φ), where we have h up vr (x) = 0 and h up rr (x) = 0. Then (3.6) simplifies to
where in the last equation we used (3.10) and discarded subleading terms in the expansion, since for an asymptotic particle Γ lies entirely in the vicinity of H + . The component h up vv (x) is a linear combination of the modes h up vv (l, m, ω, P ; x), whose explicit form may be read off from (B.9), 11) where N up is a normalization constant, Υ vv is a second-order differential operator defined as (B.11), ±2 Y lm are s = ±2 spin-weighted spherical harmonics, and +2 R up lω is a radial function satisfying the boundary condition for up-modes; see appendix B for details. Now, observe that (D.4) can be used to write the spin-weighted spherical harmonics in terms of ordinary spherical harmonics,
Thus we may write (3.11) as
We will also see in section 4 that supertranslation horizon charge only receives contribution from P = 1 modes. This is reminiscent of the gravitational memory at the asymptotic infinities (see for example [79, 83, 84] ). Since Γ is near H + , we can replace the radial function +2 R up lω (r) by its asymptotic form (B.15) for r → 2M ,
Expanding (3.9) into modes and substituting the above expression yields
where we have used a boundary condition analogous to that used in [39, 75] 
Recall that the line integral was along a time-like geodesic Γ of a particle with total energy E at infinity, which implies that as r 0 → 2M , the advanced time v 0 diverges to infinity. Thus in this limit, the presence of e ±iωv 0 in the integrand removes all contributions except those from ω = 0 by virtue of the Riemann-Lebesgue lemma. Following the previous approaches [39, 40, 75] , we explicitly implement this by replacing e ±iωv 0 with an infrared function φ(ω), which we define to have support only in a small neighborhood of ω = 0 and satisfy φ(0) = 1. This yields
Due to the function φ(ω), only the leading soft term in the integrand contributes to the integral. From (B.21) and (B.17), we have the soft expansion
We can substitute this to (3.21) to obtain
Now, let us turn our attention to last term in (3.23), the contribution from the inmodes. One could imagine carrying out a similar set of steps, after which one would obtain an expression analogous to the first term in (3.21) , where the integrand is proportional to φ(ω)N in B in lω . From (B.20) and (B.16), we have the expansion
which, when compared to (3.21), contains far more factors of ω since l ≥ 2. This leads to the in-mode contribution being sub-leading soft in comparison to that of up-modes, and therefore negligible in comparison due to the presence of φ(ω). There is a subtlety here that is worth mentioning: unlike the up-modes, the in-modes are in the ingoing radiation gauge h (a)(1) = 0, g µν h µν = 0, which is not compatible with the Bondi gauge. However, that the in-modes are sub-leading soft to the up-modes on H + is still true in Bondi gauge. To see this, we note that the radial function −2 R in lω (r) derives its origin from the contribution of each in-mode to the Weyl scalar Ψ 4 [76, 77] ,
Since δΨ 4 is a gauge-invariant quantity, the Bondi gauge expression of the in-mode contribution to W will also include the radial dependence −2 R in lω (r), which includes the factor ω l near H + , rendering the in-mode contribution sub-dominant in comparison to that of the up-modes. Therefore, one obtains the final expression
of the gravitational Wilson line, dressing an asymptotic particle of mass m and total energy E falling into the black hole.
We have seen that the in-modes are sub-leading soft to up-modes on H + and vanish by choice of boundary conditions on H − . Due to this observation, we can restrict our attention to the up-modes when dealing with supertranslation (and zero-modes) on both horizons.
Supertranslation charge and horizon fields
Classical analysis of the black hole horizon [43] suggests that there exist horizon degrees of freedom of the form h AB that live on H ± . Our goal in this section is to derive an expression of the horizon supertranslation charge and horizon fields in terms of the graviton Fock space operators. From the previous work with regards to Maxwell fields [75] , it is reasonable to expect that such fields can be obtained as an appropriate limit of the bulk fields (3.2). However, one fails to do so directly on H + , since +2 R up lω blows up as one approaches H + . This is perhaps due to the fact that the bulk fields are Klein-Gordon normalized on H − ∪ I − . The limit, on the other hand, is well defined on H − , which leads us to take an alternate approach: we derive the horizon fields on the past horizon H − first, and use time-inversion symmetry of Schwarzschild spacetime to obtain the corresponding fields on the future horizon H + .
Past horizon
Let H − ∪ Σ − be a Cauchy surface in the past (for instance, in the absence of massive particles Σ − = I − ). The linearized supertranslation charge Q − f on this surface can be decomposed as
We will loosely refer to Q H − f as the supertranslation charge on H − . To obtain an expression for Q H − f , we move to the outgoing Eddington-Finkelstein coordinates (u, r, Ω), where u = t − r * is the retarded time. The Schwarzschild metric in these coordinates reads
with the 2-sphere metric γ AB . The Bondi gauge conditions read [43] h rr = h rA = γ AB h AB = 0. (4.3)
We want to find infinitesimal diffeomorphisms δx µ = ξ µ that preserve the Bondi gauge conditions as well as the standard falloffs at large r [43] . Gauge conditions put the following constraints on ξ µ ,
We restrict our attention to supertranslations by choosing ξ u = f such that ∂ u f = 0. Then (4.4) leads to f = f (Ω), and (4.5) with falloff condition on ξ A implies ξ A = − 1 r D A f . Substituting this into (4.6), one obtains ξ r = 1 2 D 2 f . Therefore we obtain
In order to exclude ordinary spacetime translations which are not of our interest, we restrict the angular function f (Ω) to contain only partial waves with l ≥ 2.
The supertranslation charge associated with the diffeomorphism ξ on H − reads (see appendix E for a derivation)
where h − AB (u, Ω) are the horizon fields related to the supertranslation fields on H + obtained in [43] ; the "−" superscript emphasizes that these fields are defined on H − . The u-integral and u-derivative introduce a delta function δ(u) into the mode expansion of h − AB , which implies that it is only the zero-energy modes that are relevant for horizon supertranslation.
We can obtain the horizon fields h − AB by taking the quantized graviton field h µν (x) and taking the limit to H − . The boundary conditions are such that the in-modes vanish on H − , so it suffices to consider the up-modes. Although the up-modes are in the outgoing radiation gauge, the angular components h up AB already satisfy the Bondi gauge condition γ AB h AB = 0 and therefore is expected to retain their functional form on H − under a gauge transformation to Bondi gauge. Recalling from (B.15) that
and observing from (B.11) that,
one obtains from (B.9) the asymptotic form
where " · · · " contains terms with additional factors of ω, which will be omitted since we're ultimately interested in leading soft modes. Here we have defined
(4.13)
A tedious but straightforward computation shows that (see F for a derivation)
which implies
that is, the magnetic parity modes P = −1 do not contribute to the supertranslation charge (4.8). Again, this is similar to the fact that gravitational memory at the asymptotic infinities receive contribution only from the electric parity modes; see [79, 83, 84] . For P = 1, it can be shown that
Substituting the expressions to (4.12), keeping only the relevant leading soft contribution and plugging the modes into the expansion (3.2) yields
we immediately obtain
Let us define the operator of the delta function, we obtain the expression
The supertranslation charge (4.8) can be written in terms of the operator N − (Ω) as
The presence of the delta function δ(ω) clearly shows that only the zero-energy gravitons contribute to the supertranslation charge. Now, let us take the horizon field h − AB (u, Ω) and take the limit u → ∞, which brings the field to the future infinity H − + of the past horizon. Due to the factors e ±iωu in the integrand, by the the Riemann-Lebesgue lemma only the zero-energy modes will have nonvanishing contribution to the integral. We can implement this by introducing the infrared function φ(ω) in place of e ±iωu , which vanishes outside of a small neighborhood of ω = 0 and satisfies φ(0) = 1. Using this trick, we may define
where we introduced the scalar field = iδ (2) (Ω − Ω ) + (l = 0, 1 terms). (4.30) 2 In deriving (4.30), we used a crossing relation similar to that used in the original quantization [76] to avoid dealing with factors of 1/2 coming from delta functions sitting on the boundary of integration domains; see appendix G. This is similar to using conventions such as
which were used in, for example, [28, 38, 75 ].
Since f (Ω) does not contain partial waves with l = 0, 1, equations (4.23), (4.25) and (4.30) lead to the commutator
which is the anticipated quantum action of supertranslation on H − , reflecting the Lie derivative
of the metric.
Future horizon
Now that we have derived the supertranslation charge and the horizon fields on H − , we use the time-reversal symmetry of the Schwarzschild spacetime to obtain analogous results on H + . The appropriate choice of coordinates is the ingoing Eddington-Finkelstein coordinates (v, t, Ω) with advanced time v = t + r * , in which the Schwarzschild metric reads
Since there are the horizon degrees of freedom h − AB (u, Ω) on H − , one should obtain their counterparts h + AB (v, Ω) on H + by taking t → −t, or equivalently u → −v. Applying this to (4.17), we obtain the future horizon field to be
From [43] , we know that the vector field which generates supertranslation on H + is (4.36) and that the associated supertranslation charge on H + is
Let us define the operator Similar to the derivation of (4.22), we plug in the mode expansion (4.35) and use (4.18) to obtain 
where A + (Ω) is the scalar field defined as
In the second equality we used (B.21). The field h + AB (Ω) are, up to a factor of κ, the supertranslation zero modes δ f g AB obtained in [43] . The operators N + (Ω) and κA + (Ω) satisfy a commutation relation similar to (4.30), N + (Ω ), κA + (Ω) = iδ (2) (Ω − Ω ) + (l = 0, 1 terms), (4.45) from which we obtain
which is the anticipated quantum action of supertranslation on the metric perturbation, correctly reflecting the classical result [43] on H + , 
Comments
We notice that the structures of the horizon fields and zero-modes on H ± are very similar to those of the past/future null infinities I ± that are extensively studied in the literature. The commutator (4.46) and its counterpart on H − suggest that the two scalar fields A ± (Ω) are the analogs of the Goldstone boson modes on I ± for asymptotically flat spacetimes [6] . Recall that we obtained the horizon fields on H + from those on H − via time-inversion symmetry of Schwarzschild spacetime. This was used to derive (4.26) and (4.43), from which one obtains
This is reminiscent of the antipodal matching conditions of I ± for Christodoulou-Klainerman spaces [3, 6, 85] . Also, we note that the relations (4.25) and (4.42) suggest A ± to be related to the horizon analogs of the "scalar memory" T introduced in [79] at I ± for asymptotically flat spacetimes. Recall that magnetic parity modes dropped out in the construction of the dressing and the charge, which is reminiscent of the situation of gravitational memory at infinities.
Gravitational dressing implants supertranslation charge
In section 3 we obtained the dressing exp(W ) for a particle of mass m with energy E that falls into the black hole. In this section, we show that this dressing carries a definite horizon supertranslation charge.
Comparing the expression (3.26) for exp(W ) with the expression (4.44) for A + , one immediately recognizes that the exponent W is proportional to the operator A + , 
Therefore, our derivation of the gravitational dressing provides an example in the quantum theory of the classical construction of the supertranslation hair in [43] .
Discussion
In this paper, we have explicitly shown how to construct soft supertranslation hair on the horizon of Schwarzschild black holes within a quantum field theoretical framework. The essential ingredient was the construction of dressed states by attaching Wilson lines to the infalling scalar particles. This perspective works for dressed states implanting hair both at I ± and at the horizon. Our quantization procedure implies that a crucial component in our construction of soft charges and Faddeev-Kulish dressings is the existence of an infinite red-shift surface. At this surface the Killing vector ∂ u associated with the time-translation symmetry of the background spacetime becomes null. A massive particle approaching this surface will only make contact asymptotically at u = ∞ and at this point its dressing carrying the soft charge only contains soft gravitons (ω = 0). This can be seen by expanding the dressing in terms of plane waves e ±iωu ; as u → ∞ only soft modes contribute by virtue of the Riemann-Lebesgue lemma. Thus, we can conclusively confirm that there is structure at the horizon and not just any null surface. However, there is evidence that this particular example of supertranslation hair does not appear to have relevance to the black hole information paradox. Evidence that Hawking radiation is not modified by soft hair implanted by supertranslating shock waves comes from [86] , at least using the mechanisms analyzed therein. Their results complement those of [87] obtained from the perspective of dressing states with soft hair where the authors showed that the spectrum of Hawking radiation (without backreaction) emitted in the Schwarzschild background is unchanged after including the dressing of asymptotic states with soft form factors. The relevance of soft hair to black hole entropy is still an open question. During the course of our work we have noticed an interesting connection with recent work on generalized global symmetries [78] (see also [88] ). Of particular relevance to us are the one-form symmetries discussed there. One form symmetries arise from a conserved two form current. The dual of this current integrated over a co-dimension 2 surface gives the conserved flux or the charge. The conserved charge counts the number of "electric field lines" or, more generally, strings that puncture the co-dimension 2 surface. The objects that are "charged" under the one form symmetries are the Wilson lines which create and destroy strings. Of particular significance to us is the case of source-free electrodynamics in which case the 2 form current is F µν . As discussed in the paper, for the case of asymptotic symmetries we are interested in the soft charges. Thus from the above considerations, we expect the following commutation relations between the generator of large gauge transformation (LGT) symmetry and the electric Wilson line to be: (See also, eq.
Here, the Wilson line is along C and the θ function evaluates to ±1 if the surface (at infinity or the horizon) and the line C intersect. It is important to note here that the soft charge and the Wilson lines are evaluated only involving the zero modes -i.e., the punctures on the surfaces are the relevant objects in this connection. In fact, this is exactly the commutation relation we have obtained earlier in [75] : See eq. (2.47) of that paper for the case of LGT at asymptotic infinity, eq. (3.57) for the case of soft hair on the Rindler horizon and eq. (4.56) for the Schwarzschild horizon. The case of soft supertranslation hair on the Schwarzschild horizon is very similar to electrodynamics. There is a vast literature on the construction, in general relativity, of two form currents that are conserved in the source free case (for a review, see [89] ). Once again we have a picture of gravitational field lines puncturing co-dimension 2 surfaces. For the case of BMS supertranslations at I ± and the ones at the horizon, we are interested in the soft charges which generate these transformations. The soft charges will then have the expected commutation relations with the corresponding Wilson lines obtained in eq. (2.51) for BMS supertranslations and in eq. (5.2) for the case of the Schwarzschild horizon.
The Wilson line perspective provides new insight into the structure of the asymptotic symmetries. It would be interesting to apply this to Yang-Mills theories and to the case of other types of soft charges [90, 91] on the black hole horizons. We leave investigations in these directions to future work.
A Notation and conventions
The following symbols will appear frequently throughout the paper:
We employ the mostly positive metric convention, for which the Schwarzschild metric g µν in the usual coordinates reads
where γ AB = r −2 g AB denotes the 2-sphere metric. Here capital Latin letters span the angular coordinates A, B, . . . = 2, 3, as opposed to lower case greek letters µ, ν, . . . = 0, 1, 2, 3. In the spherical coordinates (θ, φ), γ AB = diag(1, sin 2 θ). We will often used Ω to denote the angular variables collectively; for example f (Ω) = f (θ, φ) and dΩ = sin θdθdφ. ∇ µ will be used to denote covariant derivative with respect to the Schwarzschild metric g µν ; D A will be used to denote covariant derivative with respect to the 2-sphere metric γ AB .
A.1 Newman-Penrose formalism
Here we reproduce some relevant details of the Newman-Penrose (NP) formalism used in the quantization of [76, 77] . We will use (a), (b), . . . to denote tetrad indices in contrast to the tensor indices µ, ν, . . .. The components of the Kinnersley tetrad e (a) µ are, in the Schwarzschild coordinates (t, r, θ, φ),
These satisfy the orthonormality condition
where g µν is the Schwarzschild metric and η (a)(b) is a constant symmetric matrix, all but the following vanish:
We will also make use of the tetrad operators (cf. [92] ),
which, in the Schwarzschild coordinates (t, r, θ, φ), can be written out explicitly as
B Quantizing metric perturbations of Schwarzschild
In this appendix, we review the quantization of the linear perturbations of the Schwarzschild metric studied in [76, 77] , which takes advantage of the simplifications given by the NP formalism. Among the many conventions of the NP formalism, we follow those given in Appendix A of [77] . The quantization is done in two particular gauges called the ingoing and outgoing radiation gauge -since we will be working in the Bondi gauge, it is worth noting that the outgoing radiation gauge satisfies the Bondi gauge conditions in the advance time coordinates. For a Schwarzschild black hole of mass M bh , the spacetime is described by the metric g µν (x) with the line element
in the usual coordinates (t, r, θ, φ), where 2M = 2GM bh is the Schwarzschild radius. The appropriate choice of tetrad that reflects the symmetries of the Schwarzschild spacetime is the Kinnersley tetrad (see appendix A.1), defined as
In terms of the Kinnersley tetrads, all spin coefficients vanish except
We consider the perturbed metric g µν around the Schwarzschild background g µν ,
where κ 2 = 32πG. The complete set of modes is where l ≥ 2, |m| ≤ l, and Λ ∈ {in, up} indicates the boundary condition satisfied by the mode (see Fig. 2 ). Each mode has a definite parity, labeled by P = ±1. In the literature P = +1 and P = −1 are referred to as the electric and magnetic parities, respectively (see for example [93] ). The Λ = in modes (henceforth the in-modes) have the form
in the ingoing radiation gauge h µν e (1) ν = 0, g µν h µν = 0. The Λ = up modes (henceforth the up-modes) have the form
in the outgoing radiation gauge h µν e (2) ν = 0, g µν h µν = 0. Here N Λ are the normalization constants that are independent of the spacetime point x, and Θ µν , Υ µν are second-order differential operators defined as 3
where D, ∆ and δ are differential operators defined by the relation [92] e (a)
The angular functions s Y lm (θ, φ) are spin-weighted spherical harmonics, whose relevant properties are spelled out in appendix C. The radial functions −2 R in lω (r) and +2 R up lω (r) are solutions to the ordinary differential equation
with s = −2 and s = +2 respectively, subject to the boundary conditions Here r * = r + 2M ln(r/2M − 1) is the tortoise coordinate, and A Λ lω , B Λ lω are the reflection and transmission amplitudes respectively; see Fig. 2 . In particular, we note that B in lω and A up lω have the small-ω expansion
which will prove to be useful. The normalization constants N Λ are fixed by the orthonormality condition
The Klein-Gordon inner product ·, · between two symmetric tensor fields ψ αβ and φ αβ is defined as
whereψ αβ ,φ αβ are the trace-free parts of ψ αβ , φ αβ , respectively, and S is some Cauchy surface; see [76] or [95] for the construction of the inner product. Taking S to be H − ∪ I − , the normalization constants become 4 and quantize the field by promoting a Λ lmP (ω) and a Λ † lmP (ω) to operators that satisfy the commutation relations
A peculiar feature of this method of quantization is that the two modes ("in" and "up") are in different gauges. This will not cause problems for us, because the in-modes are, by definition, the linearized gravity waves sent in from I − , and it is known that these waves carry zero supertranslation charge; see [43] , or [96] for a recent account. One can also observe this directly from the soft expansion (B.16) of the black hole absorption amplitude B in lω , which is proportional to ω l+3 . This point will become relevant in section 4 when we compute the contribution of the up-modes to the supertranslation charge.
It is noteworthy that the up-modes, which are in the outgoing radiation gauge, also satisfy the Bondi gauge conditions in the ingoing Eddington-Finkelstein coordinates (v, r, θ, φ) , where v = t + r * . To see this, we note that in these coordinates, [43] , so as far as we're in the ingoing Eddington-Finkelstein coordinates, we can safely pretend that the up-modes are quantized in the Bondi gauge.
C Spin-weighted spherical harmonics
In this section, we review the relevant definition and properties of the spin-weighted spherical harmonics. For more details we refer the reader to [97, 98] . The spin-weighted spherical harmonics s Y lm (θ, φ) are defined for integers |s| ≤ l by the equations
where Y lm (θ, φ) are the ordinary spherical harmonics,
and ð ,ð are operators which act on a function η of spin-weight s as
The spin-weighted spherical harmonics s Y lm form a complete orthonormal set for any function of θ and φ with spin-weight s:
D Useful formulas

D.1 Christoffel symbols for Schwarzschild spacetime
In the advanced Eddington-Finkelstein coordinates (v, r, Ω), the non-vanishing Christoffel symbols are
where (2) Γ A BC denotes Christoffel symbols for a 2-sphere with metric γ AB . In the spherical coordinates (θ, φ), the non-vanishing components are
In the retarded Eddington-Finkelstein coordinates (u, r, Ω), the non-vanishing symbols are
D.2 Spin-2 spherical harmonics
In the NP formulation of Schwarzschild spacetime reviewed in section B, the operators ð,ð can be expressed in terms of the tetrad operator δ (A.17) and the spin coefficient α (B.5):
These combinations appear for example in the definitions of the differential operators Θ µν (B.10) and Υ µν (B.11).
There is a relation between ±2 Y lm (θ, φ) and a 2-sphere tensor of the form
which we show below. Each spin-2 spherical harmonics can be written as two spin operators acting on the ordinary spherical harmonics,
Consider the following linear combinations,
(D.10)
The components and the trace of the 2-sphere tensor
We can use these to write
Comparison with (D.10) yields the relations
E Supertranslation charge on H −
To derive the supertranslation charge on the past horizon H − , we move to the outgoing Eddington-Finkelstein coordinates (u, r, Ω), where u = t − r * . The Schwarzschild metric in these coordinates reads
with the 2-sphere metric γ AB . The non-zero inverse metric components are given by
The Bondi gauge conditions read [43] h
We want to find infinitesimal diffeomorphisms δx µ = ξ µ that respect the Bondi gauge conditions as well as the falloffs at large r. Bondi gauge conditions put the following constraints on ξ µ ,
We restrict our attention to supertranslations by choosing ξ u = f such that ∂ u f = 0. Then (E.4) leads to f = f (Ω), and (E.5) with falloff condition on ξ A implies ξ A = − 1 r D A f . Substituting this into (E.6), one obtains ξ r = 1 2 D 2 f . Therefore we obtain
The supertranslation charge associated with the boundary ∂Σ of a Cauchy surface Σ and diffeomorphism ξ reads
where F is a two-form with components
When ∂Σ is the boundary of the past horizon H − , we may write
where dΩ = sin θdθdφ. The relevant component reads
In the Bondi gauge h = g µν h µν = −2h ru , so at r = 2M the terms are given by
∂ r h Au )
where G µν = R µν − 1 2 g µν R is the perturbed Einstein tensor. The perturbed energymomentum tensor T µν vanishes since we keep terms only up to linear order in h µν . At r = 2M we have
(E.27)
The constraint G uu = 0 thus reduces to
We can use the following expressions at r = 2M ,
to write the constraint G Au = R Au = 0 as
Taking the linear combination 0 = 4M κ G uu + 2 κ D A G Au , we obtain the equation
(E.36)
Substituting this back into (E.20) yields the following expression for the horizon charge,
By performing a gauge fixing analogous to [43] , the expression reduces to which shows that the magnetic parity modes P = −1 do not contribute to the supertranslation charge. This is similar to the situation of gravitational memory at the infinities of asymptotically flat spacetimes, see [79, 83, 84] for relevant discussions of the gravitational memory effects.
G Unfolding the energy integral
In order to avoid dealing with expressions of the form = iδ (2) (Ω − Ω ) + (l = 0, 1 terms), (G. 14) where we used the completeness relation of spherical harmonics.
